We investigate the gauge coupling renormalization in orbifold field theories preserving 4-dimensional N = 1 supersymmetry in the framework of 4-dimensional effective supergravity. This framework is convenient since the non-holomorphic part of 1-loop gauge couplings can be determined by the tree level Kähler potential and the remained holomorphic part can be determined by the loop-induced axion couplings. As a concrete example, we consider the 5-dimensional Super-Yang-Mills theory on a slice of AdS5. We also discuss a severe constraint on the power-law cutoff-dependent corrections under a plausible assumption on the high energy property of graviphoton, implying that the holomorphic parts of different non-abelian gauge couplings accommodating the power-law corrections are quantized in the common unit set by the radion vacuum expectation value.
I. INTRODUCTION
Recently, higher-dimensional field theories compactified on orbifold have been proposed as models providing an efficient mechanism for symmetry breaking, e.g. the supersymmetry (SUSY) breaking [1, 2] and/or the grand unified gauge symmetry breaking [3] . One can construct realistic grand unified models more efficiently in such framework [4, 5] . Higherdimensional orbifold models may also lead to a geometric understanding of various hierarchical mass scales in particle physics [6, 7] , the suppression of some Yukawa couplings [8] , and the b-t mass ratio [9] . In this paper, we wish to discuss the gauge coupling renormalization in orbifold field theories preserving the 4-dimensional (4D) N = 1 supersymmetry in the framework of 4D effective supergravity (SUGRA). We are particularly interested in theories with large scale hierarchies, for instance a model in which the Kaluza-Klein (KK) threshold scale is significantly lower than the cutoff scale of the theory so that the KK towers are important for the gauge coupling renormalization. As a concrete example, we will consider 5D SUGRA-coupled super-Yang-Mills (SYM) theory on a slice of AdS5 [10] [11] [12] with three well-seperated mass scales: the KK scale, the orbifold length and the AdS curvature [13] . However, much of the discussions here can be easily extended to generic higher dimensional orbifold field theories. Also the results for a flat supersymmetric 5D geometry can be obtained from our AdS results by taking the limit that the AdS curvature becomes zero.
It is quite convenient to consider the gauge coupling renormalization in the framework of 4D effective SUGRA since the non-holomorphic part of 1-loop gauge couplings can be read off from the tree level Kähler potential, while the threshold corrections to the holomorphic part can be determined by the loop-induced axion couplings which are much easier to be computed. In the AdS5 model under consideration, there are holomorphic threshold corrections given by the AdS curvature. These threshold corrections are calculable within the orbifold field theory and constitute one of the dominant gauge coupling renormalizations in the curved limit that the AdS curvature radius is smaller than the orbifold length. As we will see, considering the corresponding axion couplings simplifies the computation of the threshold corrections to holomorphic gauge couplings.
At one-loop order, there can be two types of potentially important gauge coupling renormalizations in orbifold field theory: those which are power-law dependent on the involved energy scales and the others which are logarithmic in scales [14] . Computing some coefficients of logarithmic corrections involves the loops of KK towers, but still those coefficients can be unambiguously computed within the orbifold field theory as they reflect the infrared physics below the cutoff scale. On the other hand, the power-law cutoff dependent corrections are dominated by unknown high energy physics, so their coefficients differ for the different ultra-violet (UV) completions of orbifold field theory [15] . As a result, it is not so meaningful to discuss the power-law cutoff dependent corrections in orbifold field theory without making an assumption on the underlying high energy theory. In this paper, we will address a simple such assumption which would severely constrain the part of holomorphic gauge couplings accommodating the power-law cutoff dependent corrections even when there is no unified bulk gauge group.
If there are superheavy objects with nonzero charges for the graviphoton B M and also all of these charges are quantized, there is a discrete gauge symmetry under which the 4D axion mode B 5 is shifted, or equivalently B 5 is a periodic field variable. This would be the case for instance if B M arises from a p-form field of higher-dimensional theory which defines the topological term in the world-volume action of (p − 1) brane, or from higher dimensional metric as a KK gauge boson. Then the axionic discrete gauge symmetry enforces that the holomorphic parts of different non-abelian gauge couplings which accommodate the power-law cutoff dependent corrections are quantized in the common unit set by the radion vacuum expectation value (VEV). In fact, this is equivalent to the quantization of the graviphoton-YM-YM Chern-Simons coefficients, which appears to be rather natural. Since the shape of bulk lagrangian density is not affected by the symmetry breaking by orbifolding, this quantization is valid even when the 4D N = 1 SUSY is broken by orbifolding. If this is indeed the case, the whole effects of the power-law cutoff dependent corrections on non-abelian 4D gauge couplings would be nothing but to induce a radion tadpole, so do not significantly affect the scale where different non-abelian gauge couplings would be unified. On the other hand, this point can be useful for the gauge coupling unification in models without any unified bulk gauge group [16] once one assumes appropriate values of the quantized coefficients, which would corresponds to assuming a specific topological data in the UV completetion of orbifold field theory.
The organization of this paper is as follows. In section II, we present the 5D SUGRAcoupled SYM theory on a slice of AdS5 and discuss generic aspects of the gauge coupling renormalizations in this orbifold field theory. In section III, we match the renormalized gauge coupling constants in orbifold field theory with the moduli-dependent gauge couplings in 4D effective SUGRA. This matching allows us to determine the coefficients of various logarithmic renormalizations by computing the tree-level Kähler potential of 4D effective SUGRA. We also discuss in section III the threshold corrections to holomorphic gauge couplings which arise from the AdS curvature. In section IV, we make an assumption of periodic axion B 5 and discuss the resulting quantization condition for the holomorphic parts of non-abelian gauge couplings accommodating the cut-off dependent power-law corrections. As an explicit example allowing the unambiguous computation of full one-loop gauge couplings, we consider the heterotic string theory on orbifold in which all relevant axions are periodic fields. It is then noted that the string theory result does not show up any particular link to the powerlaw corrections which one would obtain in the orbifold field theory using the method of [14] . Section V is the conclusion.
II. GAUGE COUPLINGS IN ORBIFOLD FIELD THEORY ON A SLICE OF ADS5
The model under consideration contains 5D vector multiplets for YM fields, and also gauge-charged hypermultiplets with generic kink masses. We assume that there are 3-branes at orbifold fixed points together with gauge-charged brane fields. The action of the SUGRA and SYM multiplets can be written as
where R is the 5D Ricci scalar for the metric
is the field strength of the graviphoton B M , F a M N are the YM field strength, M * is the 5-dimensional Planck scale, k is the AdS curvature, k i M 3 * (i = 1, 2) are the brane cosmological constants, and the ellipsis stands for the terms which are not relevant for us. Here the fifth coordinate y ∈ [0, πR] and y = n i πR (n i = 0, 1) denote the orbifold fixed points.
The action of the hypermultiplets has the form [11]
where H α I (α = 1, 2) are two complex scalar fields in the I-th hypermultiplet, Ψ I are the Dirac fermions with kink mass m I kink = c I kǫ(y), and again the ellipsis denotes the terms not relevant for us. With appropriate brane cosmological constants, k 1 = −k 2 = k, the above action leads to the following AdS5 metric as a solution of the equations of motion:
As this orbifold field theory is not renormalizable, it must be considered as an effective field theory with a finite UV cutoff. Then the above action corresponds to an Wilsonian action defined at the cutoff scale which is presumed to be of order M * . As usual, the precise meaning of the Wilsonian gauge couplings g 2 5a (M * ) and g 2 ia (M * ) in the action can be given only when the method of UV regularization is specified. These couplings will take different values for different UV regularization even within the same theory. This is particularly true for the dimensionful bulk gauge couplings g 2 5a whose values (at M * ) are quite sensitive to the details of regularization. Anyway, for a given UV regularization, all g 2 5a and g 2 ia are free adjustable parameters defining the gauge sector of the theory.
Let us now assume that the orbifold length R is stabilized at R ≫ 1/M * . A simple KK analysis of the model then determines the KK threshold scale, i.e. the scale where the massive KK modes start to appear, as
In the limit of large AdS curvature kR ≫ 1, the KK scale is exponentially suppressed, M KK ≃ πke −πkR , so we have the mass scale hierarchies
1 Our orbifold field theory has many scalar fields, e.g. scalar fields in 5D vector or hypermultiplets, which can have nonzero vacuum expectation values σ in general. In case that σ ≫ µ, we should take into account this additional mass scale in the analysis. Here we assume that there is no such mass scale, so no more mass scales other than M KK , 1/R and k between µ and M * .
where µ denotes the low energy scale for currently available experiments. In other limit with small AdS curvature kR ≪ 1, the geometry is (approximately) flat and the KK scale is given by
for which the scale hierarchies are given by
In the classical approximation, 4D gauge couplings g 
At 1-loop order, there can be two types of quantum corrections: those which are power-law dependent on the involved energy scales and the others which are logarithmic in scales.
Writing the dimensionless 1-loop 4D gauge coupling at a low energy scale µ in terms of the involved dimensionful quantities, e.g. M KK , R, k, in a manner having sensible limiting behavior at k → 0, one easily finds that g 2 a (µ) can be generically written as
where ∆ a are some constants which do not depend on any of µ, M KK , R and k at one-loop approximation. Here b a are the conventional one-loop beta function coefficients receiving the contribution only from the massless 4D modes. On the other hand, b
′′ a , η a and γ a receive the contribution from the KK towers, so depend on the details of KK spectrum, including the dependence on the kink mass parameters. Still b ′ a , b ′′ a and η a can be unambiguously computed within the orbifold field theory as they reflect the infrared property of the model below the cutoff scale M * . Later, we will see that b ′ a and b ′′ a can be easily read off from the moduli-dependence of 4D gauge couplings which is determined by the tree level Kähler potential of the 4D effective SUGRA model [17] , while η a can be determined by computing the KK threshold correction to the holomorphic gauge kinetic function.
Obviously the large logs of b a , b ′ a and b ′′ a give important corrections to the 4D gauge couplings.
2 As for ∆ a , they are independent of the mass scales, thus not involve any large scale ratios. Then ∆ a are expected to be of order one, so are subleading compared to the large-logs. As for the uncalculable bare couplings g 2 ia (M * ) at the fixed points, one can make a strong coupling assumption [18] 2 If πkR ≫ 1 and k ∼ M * , b ′ a would give the most dominant correction as 1/M KK R ∼ e πkR /kR. In realistic model, kR can not be so large, which is about 10 or so, and then ln(kR) ∼ ln(M * R) may not be so important.
and then they are also subleading compared to the large-logs.
As for the power-law cutoff dependent corrections, their coefficients γ a depend sensitively on the UV regularization, i.e. the physics above M * . Of course, if the bulk gauge group is a unified one, e.g. SU(5) or SO (10), γ a will be a-independent. In other cases that the bulk gauge group is not unified, one may argue that different 5D gauge couplings rapidly approach to each other (when the scale is increased) due to the power-law cutoff-dependent corrections computed in a certain specific regularization scheme [14] . However, this can not be interpreted as a calculable property of higher dimensional field theory since the powerlaw corrections depend on the details of unknown UV completion. Different values of γ a obtained from different UV regularizations can be absorbed into the redefinition of the bare bulk gauge couplings g 2 5a (M * ). It is thus not meaningful to state about the power-law cutoff dependent corrections without some information on the underlying theory of orbifold field theory. Even it is not meaningful to split the power-law cutoff dependent correction from the bare coupling 1/g 2 5a since all measurable quantities can be expressed in terms of the redefined coupling:
As we will argue in section IV, for different non-abelian bulk gauge groups, the ratios κ a /κ b are quantized under the plausible assumption that B 5 is a periodic axion field. This is in fact an assumption on the origin of the graviphoton, and is equivalent to the quantization of the graviphoton-YM-YM Chern-Simons coefficients. In view of Eq. (8), if κ a /κ b are quantized, the whole effects of power-law corrections on the 4D gauge coupling constants are just to induce a tadpole of the radion field R.
III. MATCHING WITH 4D EFFECTIVE SUGRA
In this section, we match the low energy gauge couplings of (8) with those obtained in the 4D effective SUGRA. Generic 4D SUGRA action is determined by a real Kähler potential K of chiral superfields and holomorphic gauge kinetic functions f a as well as the holomorphic superpotential. In superspace, the action takes the form
where the ellipsis denotes the piece in the superpotential and the gravity multiplet fields are set to their Poincare invariant VEV. The gauge kinetic function f a determines the 4D Wilsonian gauge coupling (g W a ) and vacuum angle (Θ a ) as
and the Kähler potential can be expanded in powers of gauge-charged chiral superfields:
where T , Φ, and V denote the gauge-singlet moduli superfields, gauge-charged chiral matter superfields, and vector gauge superfields, respectively. As we will see, considering the gauge coupling renormalization in the framework of 4D effective SUGRA is convenient since the non-holomorphic 1-loop renormalization is determined by the tree level Kähler potential, while the holomorphic renormalization which can not be taken into account through K can be determined by the loop-induced axion couplings in f a . Also if one has a knowledge on the symmetry of underlying fundamental theory like the target-space duality of string theory, the moduli-dependence of f a can be severely constrained, so does for the possible form of gauge coupling renormalization in orbifold field theory.
It has been found in [19] a relation between the beta function and the anomalous dimension in 4D N = 1 supersymmetric gauge theory, which is exact in perturbation theory. This relation allows us to express the low energy gauge couplings in terms of f a and the Kähler metric Z Φ of charged matter fields. The relation in global SUSY can be extended to SUGRA in a way consistent with the super-Weyl and Kähler invariance of 4D SUGRA, yielding [20] 
where M Pl is the 4D Planck mass, c a (
2 ) is the Dynkin index of the gauge group representation Φ, and b a is the one-loop beta function coefficient:
The holomorphic gauge kinetic functions receive radiative corrections only at one-loop. Then in the one-loop approximation, the low energy gauge couplings can be written as
where Z
Φ is the tree level Kähler metric of Φ and the ellipsis stands for higher order corrections in the loop expansion. The only part of (15) which is undetermined by the treelevel KK analysis is the 1-loop correction to f a . However as we will see, this undetermined 1-loop piece of f a turns out to be a subleading correction of O (1/8π 2 ), which can be assured using the holomorphicity of f a , Peccei-Quinn symmetry associated with the axion component of the relevant moduli superfield, and finally the strong coupling assumption leading to the estimate (9) . As a consequence, in orbifold field theory preserving 4D N = 1 SUSY, all dominant 1-loop log corrections to gauge coupling constants can be determined by the treelevel KK analysis.
In the orbifold field theory on a slice of AdS5, the scale hierarchies are determined by the radion superfield
where B 5 is the fifth-component of the graviphoton and ψ 5 is the fifth-component of the gravitino. A simple KK analysis then leads to the following form of the tree-level gauge kinetic function f (0) a , the tree-level radion Kähler potential K 0 , and also the Kähler metric Z (0) Φ of charged massless 4D modes 3 [12] :
where Φ I bulk is the massless mode from the bulk hypermultiplet H I with kink mass c I k, and Φ hid and Φ vis are the massless multiplets on the hidden and visible branes located at y = 0 and y = πR, respectively.
If we assume that the theory becomes strongly coupled at M * , the naive dimensional analysis rule suggests [18] g 2 5a
for which Re(T ) = πM * R can be as large as O(10 3 ). Then, unless k/M * is too small, k Re(T )/M * = πkR can be large enough, realizing the mass hierarchies of Eq. (5). The resulting T -dependence of the KK threshold scale is given by
In fact, the 4D effective SUGRA of our orbifold field theory has a continuous perturbative Peccei-Quinn (PQ) symmetry which is a remnant of the 5D gauge symmetry for the graviphoton:
In 4D effective SUGRA, the axion Im(T ) = πM * RB 5 / √ 6 is transformed under U(1) P Q as Im(T ) → Im(T ) + constant. Then the holomorphicity and U(1) P Q imply that f a takes the following form in perturbation theory:
3 Here we ignored the contribution to f (0) a from the fixed point gauge couplings 1/g 2 ia based on the strong coupling limit values (9) . We can ignore the contribution to Z (0) Φ bulk from the fixed point kinetic terms of bulk fields by the similar reasoning.
whereκ a are real constants and ∆ ′ a are T -independent constants. With (15) , (16) and (19) , the low energy gauge couplings in effective 4D SUGRA are given by
where the ellipsis denotes the subleading part. These 4D SUGRA gauge couplings can be matched with the low energy gauge couplings (8) which are expressed in terms of the parameters in orbifold field theory. One then easily finds Re(∆ a ) ≃ ∆ a + i 8π 2 /g 2 ia up to of order unity. This implies that∆ a are generically of order unity, so correspond to subleading corrections. It is also easy to see that the harmonic part of (20) can be matched with the part of (8) which is linear in R, which would yield
where κ a is given in Eq. (10) and β a = η a − 2c a (Φ vis ). Note that here κ a corresponds to the uncalculable bare coupling, while β a is calculable within the orbifold field theory.
In the AdS limit with πkR = k(T + T * )/2M * ≫ 1, the k-dependent threshold correction to f a with coefficient β a becomes important. The simplest way to compute this threshold correction is to compute the Im(T )-dependence of the YM vacuum angle Θ a = 8π
2 Im(f a ), i.e. the axion coupling to F a µνF aµν , in the field basis in which our 4D effective SUGRA is defined. In the original 5D field basis in which the action is given by (1) and (2), the axion coupling of Im(T ) would arise from the bulk Chern-Simons term which gives κ a T in f a . However in order to derive 4D effective SUGRA, one has to redefine the fermion fields [12] in a way involving the following phase transformation:
where λ 1 and λ 2 are the 5D vector multiplet fermions for which the 4D gaugino is given by the zero mode of λ 1 , ψ bulk and ψ c bulk are the 5D hypermultiplet fermions, and finally ψ vis and ψ hid are 4D fermions on the visible and hidden brane, respectively. (Here all fermions are defined to be γ 5 Ψ = Ψ.) These Im(T )-dependent phase rotations generate additional axion coupling to F a µνF aµν , so give contribution to β a . There is no further axion coupling from the brane fermions. However in order to arrive at the 4D effective SUGRA of light 4D fields in which the expression (14) is defined, one has to integrate out all massive KK modes of bulk fermions, which can generate additional axion couplings in general.
It turns out that the axion couplings induced by the brane femions and the bulk vector multiplet fermions can be easily determined, while the computation of the axion couplings induced by the bulk hypermultiplet fermions is more involved, particularly when the kink mass c I k = 0. Here we present only the results for the brane fields and the bulk vector multiplet , while leaving the contribution from the hypermultiplet as a future work [22] .
First of all, it is straightforward to see that the above field redefinition of ψ vis gives an axion coupling on the visible brane, yielding
Obviously, there is no axion coupling induced by the fermions on the hidden brane. As for the bulk vector multiplets, the phase transformation (22) of λ 1 and λ 2 corresponds to a particular U(1) R transformation: e iα(x,y)Q R with α(x, y) = 3Im(T )ky/2πRM * . Following Ref. [23] , it is straightforward to see that such U(1) R transformation has an anomaly given by
As was stressed in [23] , the above form of anomaly is independent of the shape of KK wavefunctions, so can be applied for our case. Then for α(x, y) = 3Im(T )ky/2M * , the above anomaly gives a contribution to β a which is given by
One still needs to consider the threshold correction to the axion coupling due to the massive KK modes of the vector multiplet fermions. However it is rather easy to see that there is no such correction. The KK masses of the vector multiplet fermions come from the 5D operators which are invariant under the phase rotations (22) , so they are independent of Im(T ). Since the threshold corrections to the axion coupling originate from the Im(T )-dependent KK fermion masses, this means that there is no axion coupling induced by integrating out the KK modes of the bulk vector multiplet. We then have
where (β a ) hyper denotes the contribution from the bulk hypermultiplets. With the above result on the threshold correction to f a , one can easily rewrite (20) in terms of the three distinctive mass scales, M KK , 1/R and M * . For k(T + T * )/M * ≫ 1, the Kähler metric of hypermultiplet severely depends on the kink mass c I k. It is then convenient to consider three different classes of the hypermultiplets whose expression for the gauge coupling running becomes simple:
,
We then find (for
where
and the ellipsis stands for the subleading pieces of O(1/8π 2 ). Note that here we redistributed the renormalization effects to make that all of them are encoded in logs.
Let us make sure that our AdS results correctly give the known 1-loop gauge couplings on flat 5D orbifold in the limit kR → 0. In this flat limit, the KK scale (17) is given by
and the tree-level Kähler potential, Kähler metric, and gauge kinetic functions of (16) are given by
The resulting low energy gauge couplings are
where the ellipsis stands for the subleading pieces of O(1/8π 2 ) and
This value of b ′′
a agrees with what one would obtain in the explicit KK loop computation.
IV. POWER-LAW CORRECTIONS
When matching the orbifold field theory expression (8) with the 4D SUGRA expression (15), the power-law cutoff-dependent corrections in (8) should be encoded in κ a of the holomorphic gauge kinetic functions given by (19) and (21) . Within the 5D orbifold field theory, κ a are uncalculable bare parameters. In this sense, it is not meaningful to split κ a into two pieces as in (10) since neither g 2 5a (M * ) nor γ a does not have a separate physical meaning. In the underlying fundamental theory, one may be able to compute κ a , but still (10) is nothing but a scheme-dependent decomposition without having any physical meaning.
However a plausible assumption on the UV property of B M provides a rather strong constraint on κ a which would be useful when the bulk gauge group is not unified. When there is a U(1) gr -charged field φ satisfying the periodic boundary condition φ(y + 2πR) = φ(y), the gauge transformation of φ should obey
where q is the U(1) gr -charge of φ. Then the allowed gauge transformation of the constant mode of B 5 is given by
for Λ = y/qR in (18) . This would be true even when there are other U(1) gr -charged fields as long as the U (1) gr -charges are integer-multiples of q. So if there are U(1) gr -charged fields and all U(1) gr -charges are quantized, there is a discrete gauge symmetry under which the axion transforms as
In our 5D orbifold theory, there is no U(1) gr -charged fields with mass ≪ M * , but there can be superheavy U(1) gr -charged objects with masses of order M * . So the assumption of quantized U(1) gr -charge corresponds to an assumption on the underlying theory of the 5D orbifold field theory. With the discrete gauge symmetry (34), Im(T ) is a periodic field variable and thus there should exist an axionic string with a tension of O(M 2 * ). This is again an assumption on the underlying theory of the 5D orbifold field theory. An interesting possibility giving a periodic axion is that the axion arises from a p-form field C p in higher dimensional theory which defines the topological term in the world-volume action of (p − 1)-brane, for instance a 3-form field with membrane-coupling. Then the world-volume action assures that the axion field from C p is indeed a periodic field variable. Another simple possibility would be the case that B M arises from the KK reduction of the 6-th dimension. In this case, the U(1) gr -charges correspond to the KK momentum of the 6-th direction, and thus are quantized.
In the original 5D theory before the field redefinition (22) , only the graviphoton is transformed under the discrete symmetry of (33). This means that only the graviphoton-YM-YM Chern-Simons term in (1) can give a potential breaking of the discrete symmetry of (33). In 4D effective SUGRA, the β a -term in Im(f a ) is a consequence of the field redefinition (22) , while the κ a -term is from the graviphoton-YM-YM Chern Simons term. Under the axion shift (34), Θ a is shifted by both the κ a -term and the β a -term in f a . However the shift due to β a is cancelled by the anomalous shift of Θ a which is due to the discrete transformation of the fermion fields resulting from the field redefinition (22) . Note that β a is defined to be a coefficient to cancel the loop-induced axion coupling arising from the field redefinition (22) . So only the shift due to κ a represents the true shift of Θ a under the discrete gauge symmetry of (33). In order for (34) to be a true gauge symmetry, the gauge vacuum angles 8π
2 Im(f a ) = Θ a should change by 2l a π under the axion shift (34) where l a are rational numbers. This is possible only when κ a /κ b are rational numbers for different non-abelian bulk gauge groups. Note that l a may not be an integer if the axionic discrete symmetry (34) is realized as a discrete Kähler invariance with an anomaly which is cancelled by the axion shift [24] .
As there is no U(1) gauge instanton, the above argument does not apply for U(1) gauge coupling, so κ U (1) /κ a can have a continuous value. An interesting possibility in regard to U(1) is that U(1) arises from a non-abelian gauge group, say SU(2), spontaneously broken to U(1) at certain high energy scale set by the symmetry breaking kink VEV σ. Then κ U (1) /κ a would depend on the continuous adjustable parameter σ with a coefficient depending on the details of underlying SU(2) theory [25] . However if there is no such kink VEV, κ U (1) /κ a may be also a rational number as in string theory examples which will be discussed in the following.
Since the coefficients of the part accommodating the power-law cutoff-dependent corrections to gauge couplings can be determined only in the underlying fundamental theory, it is instructive to consider an orbifold field theory whose high energy limit is a string theory which allows an unambiguous computation of 1-loop gauge couplings. String theory is also interesting since all relevant string-theoretic axions are periodic field variables. So let us consider a 10D orbifold field theory with fixed-plane(s) and also fixed point(s) which would be a low energy limit of heterotic string theory on orbifold. Within this orbifold field theory, the low energy gauge couplings can be written as
where the 10D bare gauge coupling g are the 6D bare gauge couplings on the I-th fixed planes, and g 2 4ai are the 4D bare gauge couplings on the i-th fixed points. Here R I is the radius of the I-th torus,
, and M s is the cutoff scale of the 10D orbifold field theory which can be identified as the heterotic string scale. Note that there is no power-law correction in 10D since the 10D KK towers are N = 4 supersymmetric, however there can be a nontrivial power-law correction on 6D fixed plane which has only N = 2 SUSY.
Again, the part of (35) proportional to R 6 or R 2 I should be encoded in the holomorphic gauge kinetic functions in 4D effective SUGRA. In this regard, the relevant moduli are the dilaton superfield S and the Kähler moduli superfields T I whose scalar components are given by (at tree level):
Also both the explicit string computation and the SL(2,Z) invariance give (κ a I ) string theory = 1 48π
whereδ I are model-dependent but a-independent rational numbers defining the SL(2, Z) transformation of S. Obvioulsy, SL(2, Z) of (41) contains the discrete axion shift Im(T I ) → Im(T I )+1, and κ a I /κ b I are rational numbers as they should be. In string theory discussion of 1-loop gauge coupling, it is obvious that the power-law corrections are threshold corrections which can not be determined in the orbifold field theory limit. Note that it is hard to see any meaningful link between the string theory result (44) and the results (39) and (38) which one would obtain within the orbifold field theory following [14] .
V. CONCLUSION
In this paper, we have examined the gauge coupling renormalization in orbifold field theory in the context of 4D effective SUGRA. To be explicit, we take as an example the 5D SUGRA-coupled SYM theory on a slice of AdS5 with three well-seperated mass scales, the KK threshold scale M KK , orbifold length R, and the AdS curvature which is presumed to be of order the cutoff scale M * . The 4D effective SUGRA is a convenient framework to study the gauge coupling renormalization since the non-holomorphic part of 1-loop gauge couplings can be determined by the tree level Kähler potential and the 1-loop threshold corrections to holomorphic part can be determined by the loop-induced axion couplings which are much easier to be computed. It is also stressed that the power-law cutoff dependent correction to gauge couplings can not be addressed within the orbifold field theory, but requires an assumption on its UV completion. We provide one example of such assumption on the high energy property of graviphoton B M , leading to that the axion B 5 is a periodic field variable and as a consequence the parts of different non-abelian gauge couplings accommodating the power-law corrections should be quantized in the common unit set by the radion VEV. This may be a useful guideline for buliding orbifold field theory models with non-unified bulk gauge group. As an illustrative example, we also considered the orbifold field theory corresponding to the low energy limit of heterotic string theory on orbifold in which all relevant axions are periodic field variables. It is noted that the string 1-loop gauge couplings do not show any particular link to the power-law corrections which one would obtain within the orbifold field theory limit.
